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Abstract
Let C be a ﬁnite family of spherical caps of various sizes on a sphere in 3-space. A cap CAC
is called extremal if there is a great circle g such that the centers of those caps that intersect C
lie in the same side of g; allowing some of them lie on g: We prove that if C contains no
extremal cap, then the intersection graph of the caps in C is connected, and if furthermore
every cap is smaller than a hemisphere, then the intersection graph is 2-connected. We also
show that analogous assertions are no longer true in higher dimensions.
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
Let Sd denote the d-dimensional unit sphere in ðd þ 1Þ-space Rdþ1 centered at the
origin O: Families of spherical caps of the same size on Sd are studied with some
interest, especially, when they are placed randomly and independently on the sphere.
Typical problems are the ones that ask for the probability that the sphere is
completely covered, and for the probability that the part covered by the caps become
connected, see e.g., [3,4,6,7]. The case d ¼ 1 could be studied in some detail (see [7,5])
due to the existence of a cyclic order of the equal arcs on the circle.
Let C ¼ fC1; C2;y; Cng be a family of spherical caps on Sd ; not necessarily of the
same size. We always assume that their centers are all distinct. Let vi denote the
center of Ci: The intersection graph OðCÞ of C is the graph whose vertices are
v1; v2;y; vn; and two vertices vi; vj are adjacent (vi is said to be a neighbor of vj) only
when Ci-Cja|:
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In the family C; a cap Ci is called an extremal cap if there is a hyperplane H
passing through the origin and vi such that all the neighbors of vi in OðCÞ lie in the
same side of H; allowing that some of them lie on H; see Fig. 1.
In this paper, we prove the following: In the two-dimensional case d ¼ 2; if C
contains no extremal cap, then OðCÞ is connected, and if furthermore every cap in C
is smaller than a hemisphere, then OðCÞ is 2-connected. Surprisingly, the same
assertion is no longer true for dX3:
2. Connectedness
Theorem 1. Let C ¼ fC1; C2;y; Cng be a family of caps on S2; and let G ¼ OðCÞ be
their intersection graph. If C has no extremal cap, then G is connected.
Remark 1. The same assertion in the case d ¼ 1 is trivial.
Proof. Let vi denote the center of the cap Ci: We regard G as the geometric graph on
the sphere S2 whose vertices are v1;y; vn and two vertices vi; vj are connected by
geodesic line on S2 if and only if Ci-Cja|:
We show that if G is disconnected then C has an extremal cap. Let F1; F2 be two
components of G; and let V1; V2 denote their vertex sets, respectively. Then there is a
simple closed curve G on the sphere that separates F1 from F2 and G-Ci ¼ | for all
i ¼ 1; 2;y; n: (For example, by modifying a certain component of the boundary
@ðSviAV1 CiÞ; we can get such a curve). Let x be a point on G and let xn denote its
antipodal point. We may suppose that xn lies in the side of G containing F2 (allowing
xnAG).
From now on, we regard x as the North Pole and xn as the South Pole of the
sphere. Then, for every vertex of F1; its longitude is well deﬁned. If the difference of
the longitudes of two vertices vj; vkAV1 is equal to p; then the geodesic vjvk passes
through x or xn; and since fx; xng-ðCj,CkÞ ¼ |; Cj cannot intersect Ck: Thus, the
difference of the longitudes of a pair of adjacent vertices of F1 is less than p:
Therefore, in every pair of adjacent vertices of F1; we can always tell which vertex lies
east (or west) of the other, unless they have the same longitude. Let us call a vertex of
F1 easternmost if it has no neighbor in F1 that lies east of the vertex. Now, starting
Fig. 1. An extremal cap.
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from an arbitrary vertex u of F1; we try to go eastward along the edges of F1: If u has
a neighbor u0 lying east of u; then we go to u0: If u0 has a neighbor u00 lying east, then
we go to u00: In this way, we go east and east. Eventually, either (1) we return to a
vertex once we visited or (2) we reach an easternmost vertex and cannot go farther. If
(1) happens, we have a cycle of F1 that forms a simple closed curve separating the
North Pole and the South Pole. Note that if xneG; then xn can be connected to a
point of G by a curve that avoids F1: This implies that x and xn can be connected by a
curve by avoiding F1; and hence, by avoiding the cycle separating x from x
n; which is
a contradiction. Hence, always (2) happens, that is, we reach an easternmost vertex,
say va: Then the cap Ca is an extremal cap. &
3. Two-connectedness
Let us call a spherical cap proper if its angular radius is less than p
2
: If all the caps
are proper caps, then Theorem 1 can be strengthened.
Theorem 2. Let C ¼ fC1; C2;y; Cng be a family of proper caps on S2; and let
G ¼ OðCÞ be their intersection graph. If the family has no extremal cap, then G
is 2-connected.
Remark 2. The condition ‘proper’ is necessary. This can be seen as follows: Inscribe
a regular m-gon, and a regular n-gon in the circles
fðx; y; zÞAS2 j x ¼ 1=2g and fðx; y; zÞAS2 j x ¼
ﬃﬃﬃ
3
p
=2g
on S2; respectively. Let v1;y; vm and vmþ1;y; vmþn be their vertices. For each i;
1pipm þ n; let Ci be the cap of angular radius p13 centered at vi; and let C0 be the
(non-proper) cap of angular radius 5p
6
centered at v0 ¼ ð
1; 0; 0Þ: If m; nX13; then
the family of these caps has no extremal cap, but their intersection graph has a cut-
vertex v0:
Remark 3. In this theorem, we cannot replace ‘2-connected’ by ‘3-connected’. In
fact, there is a family C on S2 that contains no extremal cap and the graph G ¼ OðCÞ
is not 3-connected. This can be seen as follows:
On the unit sphere S2; draw a circle of angular radius p
2

 e; where 0oeo p
24
: Let
v1; v2;y; v6 be the vertices of a regular hexagon (in cyclic order) inscribed in this
circle. Let Ci ði ¼ 1; 2;y; 6Þ be the caps of angular radius p6 with center vi: Let
C0j ðj ¼ 2; 4; 5; 6Þ be the caps obtained by reﬂecting Cj ðj ¼ 2; 4; 5; 6Þ with respect to
the plane passing through the origin (the center of S2) and v1; v3: Then it is not
difﬁcult to see that the family of ten caps
C1; C2;y; C6; C02; C
0
4; C
0
5; C
0
6
contains no extremal cap, and their intersection graph is not 3-connected.
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Proof of Theorem 2. Similarly to the proof of Theorem 1, let vi denote the center of
the cap Ci and regard G as the geometric graph on the sphere with vertices v1;y; vn:
We are going to show that if G is not 2-connected, then the family has at least one
extremal cap. If G is disconnected, then the family C has an extremal cap by
Theorem 1. So, we may consider the case G is connected.
Suppose that G 
 v1 is disconnected, and let F1; F2 be two components of G 
 v1:
The vertex set of Fi is denoted by Vi: If V1CC1; then there is the smallest cap C˜1
concentric with C1 that contains V1; and at least one vertex of V1 lies on the
boundary of C˜1: Then the cap centered at a vertex lying on the boundary of C˜1 is an
extremal cap. Hence, we may suppose that VigC1; i ¼ 1; 2: Then, there is a simple
closed curve G on the sphere such that (i) G cuts the boundary circle @C1 of C1 into
two arcs, (ii) G separates F1 from F2; and (iii) Ci-G ¼ | for all caps Ci with centers
in V1,V2; set Fig. 2.
Choose a point x at angular distance p
2
from v1 so that both x and its antipodal
point xn lie in the same side of G (allowing x; xnAG). This is indeed possible: If G
does not intersect the great circle with pole v1; then we can take any point on the
great circle as x: If G intersects the great circle with pole v1; then we can take an
intersection point as x: Note that since C1 is a proper cap, C1 cannot contain x (and
xn). We may assume that both x and xn lie in the side of G containing F2; allowing x;
xnAG: If xeG (or xneG) then x (or xn) can be connected to a point on G by a curve
that avoids F1 and C1:
From now on, we regard x as the North Pole and xn as the South Pole of the
sphere. Then, in every pair of adjacent vertices of F1; we can always tell which vertex
lies east (or west) of the other, unless they have the same longitude. Deﬁne an
easternmost vertex of F1 as in the proof of Theorem 1, and similarly, deﬁne a
westernmost vertex of F1: Similarly to the proof of Theorem 1, there exists an
easternmost vertex of F1; say va: Now, starting from va; if we go west and west along
the edges of F1; then, by the same reasoning for the existence of an easternmost
vertex, we can reach a westernmost vertex of F1; say vb: Let Pab be the path from va
to vb obtained as the trace of our journey. Then, in the family of caps C
 fC1g; the
two caps Ca and Cb are extremal caps. So, unless v1 lies east of va and west of vb;
one of Ca; Cb is an extremal cap. Suppose that v1 lies east of va and west of vb: Then
the path Pab and the edges v1va; vbv1 make together a simple closed curve L that
Fig. 2. G separates F1; F2:
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separates x and xn: Let G1 be the part of G lying outside the cap C1: Then, G1 is a
‘connected’ curve.
Since x ðxnÞ can be connected to a point on G1 by a curve that avoids F1 and C1;
the curve G1 must cross the curve L: This implies that for some vertex vc of Pab;
the cap Cc intersects G1; a contradiction. Therefore, one of Ca; Cb is an extremal
cap in C: &
Corollary 1. Let C ¼ fC1; C2;y; Cng be a family of caps of the same angular radius y
on S2: Let Di denote the cap of angular radius
y
2
concentric with Ci; and let D be the
family of caps D1;y; Dn: If D contains no extremal cap, then the intersection graph
OðCÞ of C is Hamiltonian.
Proof. Note that OðCÞ contains the square of the graph OðDÞ as a spanning
subgraph. Hence, the corollary follows from Fleischner’s theorem ([2] or see [1]) that
asserts the square of every 2-connected graph is Hamiltonian. &
4. A construction
We are going to show that the assertion of Theorem 1 is no longer true for dX3 by
construction. The following lemma will be clear.
Lemma 1. If Sd ; dX1; is completely covered by a family of proper caps of the same
size, then the family has no extremal cap.
Theorem 3. If dX3; then there is a finite family C of proper spherical caps on Sd ;
all of the same size, such that C has no extremal cap, and OðCÞ is dis-
connected.
Proof. Let k ¼ Idþ1
2
m; c ¼ Jdþ1
2
n: Then k þ c ¼ d þ 1 and kX2; cX2: Fix an
e ð0oeo1
5
Þ; and let
X ¼ fðx1;y; xk; y1;y; ycÞASd j x21 þ x22 þ?þ x2kX1
 e2g:
First, we construct a ﬁnite family of spherical caps with centers in X and having no
extremal cap. Let
X1 ¼ fðx1;y; xkÞARk j 1
 e2px21 þ?þ x2kp1g;
X2 ¼ fðy1;y; ycÞARc j y21 þ?þ y2cpe2g:
The boundary of X1 consists of two spheres, one is the unit sphere S
k
1; and the
other has radius
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
 e2
p
: Cover Sk
1 completely by a ﬁnite number of spherical caps
with angular radius e: Let p1; p2;y; pn be the centers of these caps. Put qi ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
 e2
p
pi; i ¼ 1; 2;y; n: Then the 2n points pi; qi lie on the boundary of X1: Let
r0; r1;y; rc be the vertices of a regular simplex inscribed in the boundary sphere of
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the ball X2; and o be the center of the ball X2: Then, by regarding R
dþ1 as Rk  Rc;
the ðcþ 2Þn points
ðpi; oÞ; ðqi; rjÞ; i ¼ 1; 2;y; n; j ¼ 0; 1;y; c
of Rdþ1 lie on XCSd :
Put spherical caps of angular radius 2e on Sd centered at these ðcþ 2Þn points, and
let C1 be a family of these caps. Note that since
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
 e2
p
41
 e;
the ‘linear’ distance between ðpi; oÞ and ðqi; rjÞ is less than
ﬃﬃﬃ
2
p
e; and their angular
distance is less than 3e:
We are going to show that C1 has no extremal cap. Let
a1x1 þ a2x2 þ?þ akxk þ b1y1 þ?þ bcyc ¼ 0
be the equation of a hyperplane H of Rdþ1 through the origin. Put
f ðx1;y; xkÞ ¼ a1x1 þ?þ akxk;
gðy1;y; ycÞ ¼ b1y1 þ?þ bcyc:
Suppose that H passes through ðp1; oÞ: Then f ðp1Þ ¼ f ðq1Þ ¼ 0: If f is not identically
zero, then f ¼ 0 is the equation of a hyperplane of Rk: Since the caps of angular
radius e with centers pi ði ¼ 1; 2;y; nÞ completely cover Sk
1; Lemma 1 implies that
there are two points pi; pj such that (i) p1pip2e; p1pjp2e and (ii) f ðpiÞf ðpjÞo0:
Hence ðf ðpiÞ þ gðoÞÞðf ðpjÞ þ gðoÞÞo0: Thus, the two points ðpi; oÞ and ðpj; oÞ
(they are neighbors of ðp1; oÞ) lie in the distinct sides of the hyperplane H:
If f is identically zero, then g ¼ 0 is the equation of a hyperplane of Rc; and
for some i; j; two points ri; rj lie in the distinct sides of this hyperplane.
Hence gðriÞgðrjÞo0: Therefore, ðf ðq1Þ þ gðriÞÞðf ðq1Þ þ gðrjÞÞo0: Thus, the
two points ðq1; riÞ and ðq1; rjÞ (they are neighbors of ðp1; oÞÞ lie in the distinct sides
of H:
Suppose now H passes through ðq1; r0Þ: Then, similarly, either two
neighbors ðpi; oÞ and ðpi; oÞ lie in the distinct sides of H or two neighbors
ðqi; r0Þ and ðqj ; r0Þ lie in the distinct sides of H: Therefore, C1 contains no
extremal cap.
Now, let Y ¼ fðx1;y; xk; y1;y; ycÞASd j y21 þ?þ y2cX1
 e2g: Then, similarly
to the above construction, there is a ﬁnite family C2 of caps of angular radius
e with centers in Y and having no extremal cap. Since the linear distance
between a point in X and a point in Y is at least
ﬃﬃﬃ
2
p ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
 e2
p

 eÞ4 ﬃﬃﬃ2p ð1
 2eÞ;
which is greater than 4e (since eo1
5
Þ; no cap in C1 can intersect a cap in C2:
Therefore, the intersection graph OðC1,C2Þ is disconnected, and C1,C2 has no
extremal cap. &
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5. Concluding remark
Let us consider if the same type arguments are possible for a ﬁnite family of balls
in Rd : First, we have to deﬁne an extremal ball. A natural deﬁnition one thinks of
would be the following: In a family C ¼ fC1;y; Cng of balls in Rd ; Ci is extremal if
there is a hyperplane H through the center vi of Ci such that all neighbors of vi lie on
the same side of H; but not all centers vj lie on the same side of H: In this deﬁnition,
however, the family of two disjoint unit balls (disks) in R2 has no extremal disk,
though their intersection graph is disconnected. So, we further impose the condition
that the number of balls is at least 3. Then the assertion similar to Theorem 1 holds
in any dimension dX2: This can be seen as follows: Let C ¼ fC1;y; Cng be a family
of balls in Rd ; dX2 with n distinct centers. Then there is a linear ‘‘height’’ function f
such that the values f ðviÞ at the n centers vi are all different. We may assume that
f ðv1Þof ðv2Þo?of ðvnÞ: Suppose that the intersection graph OðCÞ is disconnected.
Then there is a minimum number iX2 such that v1; v2;y; vi are not contained in one
component. If ion; then Ci is an extremal ball, and if i ¼ n; then Cn
1 is an extremal
ball.
In the above deﬁnition of an extremal ball, the assertion similar to Theorem 2 does
not hold. For example, a family of 3 unit disks in R2 with centers ð0; 0Þ; ð3
2
; 0Þ; ð3; 0Þ
has no extremal disk, but their intersection graph is not 2-connected.
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